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Abstract 

In this paper we will prove that the only compact 4-manifold M 
with an Einstein metric of positive sectional curvature which is also 
hermitian with respect to some complex structure on M, is CP2, 
with its Fubini-Study metric. 



1 Introduction 

Let M be a smooth n-manifold. A Riemannian metric g on M is called 
Einstein if the Ricci tensor is a constant multiple of the metric tensor, i.e. 

r = \g 

for some constant A £ IR, called the Einstein constant [4j. If A > and 
g is complete, M is compact by Myers' Theorem. Since the Ricci tensor 
is, by definition, the pointwise average of all sectional curvatures, for an 
Einstein metric the positivity of A is assured if all sectional curvatures are 
positive. 

In this paper we are dealing with compact smooth manifolds in di- 
mension 4 which admit Einstein metrics with A > 0. Examples of such 
manifolds are 4-sphere S 4 with its standard round metric (which has all 
sectional curvatures K = 1), and the complex projective plane CP2 with 
the Fubini-Study metric gp$ (which has 1 < K < 4 everywhere). Notice 
that these examples are of strictly positive sectional curvature. The prod- 
uct metric on S 2 x S 2 is Einstein with A > 0, too, its sectional curvatures, 
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however, are non-negative. They are actually for transverse planes (i.e. 
Kn = if the plane n is not tangent to each of the factors). In fact, the 
famous Hopf Conjecture asks whether or not there are any metrics on 
S 2 x S 2 of positive sectional curvature. 

The most fruitful resource of Einstein metrics is the Kahler geometry. 
For a compact complex surface M, 

a. there is a unique Kahler-Einstein metric with A < if C\(M) < 
(see G2, 

b. there is a unique Kahler-Einstein metric with A = (i.e. Ricci-flat) 
in each Kahler class if C\{M) = (see ED). 

c. In A > case, Tian ||20l showed that M admits a Kahler-Einstein 
metric with A > iff M has C\{M) > and its automorphism 
group Aut(M) is a reductive Lie group. The diffeomorphism types 
of such complex surfaces are CF2, CPi x CPi and CF2tJfcCP2 with 
k = 3,4,. ..,8. 

Among those Kahler-Einstein metrics, only the ones on CP2 is of pos- 
itive sectional curvature. This follows, for example, by Andreotti's Theo- 
rem JTj], which says that any compact complex surface M with a Kahler 
metric of positive sectional curvature must be CP2. Andreotti's theorem 
is a special case of Frankel's conjecture |9j, which was later proved by 
Siu and Yau fl9|, which asserts that the generalization of the statement is 
true for all complex dimensions n. 

As a consequence of the following theorem, Gursky and LeBrun [10] 
reached at the same conclusion that CP2 is the unique compact complex 
surface with a positively curved Kahler-Einstein metric: 

Theorem 1 (Gursky-LeBrun) Let (M 4 ,g) be a compact oriented Einstein 4- 
manifold of non-negative sectional curvature. 

(i) if M has positive intersection form, then (M,g) = (C¥2,gFs), U P to 
reseating and isometry; 

(ii) if g is neither self-dual nor anti-self-dual, then ^|t| < x < 9 where r is 
the signature and x is the Euler characteristic of M. 



2 



Note that CP2#fcCP2 have x = 1 — k and % = 3 + fc, so the inequality is not 
satisfied if A: = 3, 4, . . . , 8. The Kahler-Einstein metrics on those surfaces 
cannot be self-dual (that is, W_ = 0) or anti-self-dual (that is, W + = 0) as 
a consequence of 

12n 2 x = / | W + 1 2 — \W-\ 2 du 
Jm 

8n 2 x= [ \W + \ 2 +\W 2 \ + ^--^du 

and the fact that |W + | 2 = || for Kahler metrics. Indeed, since x < 0, 
the signature formula implies that g cannot be self-dual. If, on the other 
hand, g were anti-self-dual, then s = since g is Kahler, and also f = 
since g is Einstein. So, the two formulas would give different values for 

the integral / \W-\ 2 dfi unless k = 9; but this case is excluded from the 
Jm 

range for k. 

Observe, in passing, that part (ii) has a similar taste with Hitchin's 
theorem ||T2|], which says that a compact oriented Einstein 4-manifold of 
positive sectional curvature should satisfy x ^ (|) 3/2 | T |/ an d the Hitchin- 
Thorpe inequality x ^ |I T I which holds for all compact orientable Ein- 
stein 4-manifolds. 

If we relax the Kahler condition on the Einstein metric g, and merely 
assume that g is hermitian, that is g (}■,}■) = g(-,-) for a complex structure 
/ on the manifold M, interesting enough, we get only two more excep- 
tional metrics: 

Theorem 2 (LeBrun [15]) Let (M 4 ,/) be a compact complex surface. If g is 
Einstein and Hermitian, then only one of the following holds: 

(1) g is Kahler-Einstein with A > 0. 

(2) (M,f) is biholomorphic to CP2tJCP2 and g is the Page metric gp age (up 
to rescaling and isometry). 

(3) (M,J) is biholomorphic to CP2f|2CP2 and g is the Chen-LeBrun-Weber 
metric gcvN (up to rescaling and isometry). 



(Signature Formula) 
(Gauss-Bonnet) 
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Thus, if we in addition assume that g is of positive sectional curvature, 
then the first case of the above theorem is possible only when M is CP2, 
by Andreotti's theorem. Moreover, by a theorem of Berger [3j, the Kahler- 
Einstein metric g on CP2, is the Fubini-Study metric (up to rescaling and 
isometry) since it has positive holomorphic bisectional curvature. 

In the next two sections we will prove that the two exceptional metrics 
gPage and gcLW are not of positive sectional curvature either. This will 
conclude the proof of our main theorem: 

Theorem 3 Let M 4 be a compact smooth ^-manifold, and let g be an Einstein 
metric of positive sectional curvature. If g is hermitian with respect to some 
complex structure } on M, then (M, /) is biholomorphic to CP2, and g is the 
Fubini-Study metric (up to rescaling and isometry). 

One of the key facts in the proof of this theorem is Frankel's Theorem 
dl which says that totally geodesic submanifolds of complementary di- 
mensions on positively curved manifolds necessarily intersect. Since the 
Page metric has an explicit form, we are also able to give a computational 
proof of the failure of positivity. Note that, on the contrary, Chen-LeBrun- 
Weber metric does not possess such an explicit formula. 



2 Page metric 

The Page metric was first introduced by D. Page in 1978 as a limiting 
metric of Kerr-de Sitter solution (see §F7\). To define it formally, we first 
think of the following metric on the product S 3 x I where I is the closed 
interval [0, n] : 

g=V(r)dr'+f(r)(^ + 4) + ^fal 
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where the coefficient functions are given as 



V(r) 



2 2 

tr cos r 



a 2 — a 2 (l + a 2 ) cos 2 r 



/(r) = 3 + 6^-.- (1 '° Wr) 

and a is the unique positive root of a 4 + 4a 3 — 6a 2 + 12a — 3 = 0. Here, 
171,^2,03 is the standard left invariant 1-forms on the Lie group SU(2) « 
S 3 . " 

When r = or n, we see from the formula that the metric reduces to a 
round metric on S 2 . Thus, g descends to a metric, denoted by gpage/ on the 
quotient (S 3 x J)/ ~ where ~ identifies the fibers of the Hopf fibration 
p : S 3 — >■ S 2 on the two ends S 3 x {0} and S 3 x {zr} of the cylinder S 3 x I. 




The resulting manifold is indeed the connected sum CP2jjCP2. To 
see this, recall that in the cell decomposition of CP2, the attaching map 
from the boundary of the 4-cell (which is S 3 ) to the 2-skeleton (which is 
CPi ~ S 2 ) is given by the Hopf map [11]. So, if we cut the cylinder S 3 x I 
in two halves and identify the Hopf fibers of S 3 at each end, we get CP2 — 
{small ball}. Since the right and left halves have different orientations, we 
obtain CP2UCP2 in the quotient. 
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CP 2 - small ball 



Now, we will prove that the Page metric is not of positive sectional 
curvature. We will use the following classical theorem by Frankel: 

Theorem 4 (Frankel O) Let M be a smooth n-manifold, and let g be a com- 
plete Riemannian metric of positive sectional curvature. If X and Y are two com- 
pact totally geodesic submanifolds of dimensions d\ and di such that d\ + c?2 > 
n, then X and Y intersect. 

In our case, the two 2-spheres on each end of the above quotient will play 
the role of X and Y. They are compact and the dimensions add up to 4. 
So it remains to show that those two submanifolds are totally geodesic 
with respect to gp ag e- Since they are obviously disjoint, this will imply 
that gpage cannot have positive sectional curvature. 

There is a very well-known lemma to detect totally geodesic subman- 
ifolds: 

Lemma 1 Let (M,g) be a Riemannian manifold. If f is an isometry, then 
each connected component of the fix point set Fix(/) of f is a totally geodesic 
submanifold of M. 

So, below we will show that there is an isometry of the Page metric 
whose fix point set is precisely the two end spheres. 

What are the isometries of the Page metric? Derdzihski [8] showed 
that the Page metric is indeed conformal to one of Calabi's extremal 
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Kahler metrics on CP2f|CP2. On the other hand, the identity compo- 
nent of the isometry group of extremal Kahler metrics is a maximal com- 
pact subgroup of the identity component of the automorphism group (6]|. 
In the case of CP2f|CP2, this implies that the identity component of the 
isometry group of the Page metric is U(2) = (SU(2) x S 1 )/^. By the 
formula of the metric, we see that the isometries in the SU(2) component 
are precisely given by the left multiplication action of SU(2) on the first 
factor of S 3 x I. Note that the forms o~j, i = 1, 2, 3 are invariant under the 
action, but the action on the 3-spheres S 3 x {r}, r £ (0, n) is fixed-point- 
free! The metric is invariant under this action as the coefficients of the 
metric only depend on the parameter r. 

Now, let us see what happens at the endpoints r = and r = 7t: It 
is well-known that the action of U G SU(2) on the 2-sphere S 2 (after the 
quotient) is given by the conjugation A i— >• UAU^ 1 , where we regard the 
2x2 complex matrix A = xo~\ + yo~j_ + zo~$ with x 2 + y 2 + z 2 = 1 as a 
point of S 2 . It is now straightforward to see that the action of — J € SIT (2) 
is trivial on S 2 (since ( — l)A{ — J) -1 = A); thus, it fixes every point on 
S 2 . Therefore, we conclude that the fixed point set of the isometry given 
by the "antipodal map" —I € SU(2) consists of the two 2-spheres at 
each end of the quotient ((S 3 xJ)/~) ^ CP 2 ttCP 2 . Note that, indeed, 
there is an S 1 -family of isometries generated by rotation in direction of 03 
having the exact same fixed point set. 

So we showed that there are two disjoint compact totally geodesic 
submanifolds of CP2t)CP2. Therefore, by Frankel's theorem, we conclude 
that gpage is not of positive sectional curvature. 

Finally, we note that we can actually show the failure of positivity 
directly by brute-force using tensor calculus: Introduce a new coordinate 
function x := cos(r), so that the metric becomes 

g = W 2 (x)dx 2 + g 2 {x){a 2 + a 2 ) + ^oj 
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where the coefficient functions are given as 



W(x) 

*(*) 
D 



a 2 x 2 



{3-a 2 -a 2 (l + a 2 )x 2 )(l-x 2 ) 



1 - a 2 x 2 
3 + 6a 2 - a 4 



3 + a' 



and choose the following vierbein: {Wdx, g<J\, gdi, ^£7 3 } =: {e° , e 1 , e 2 , e 3 } . 
Then by a standard tensor calculus, we see that the sectional curvature of 
the plane generated by e§ and e\ is given by 

Using a computer program like Maple, one can easily verify that this func- 
tion Kqi(x) can take both positive and negative values for x € (—1, 1). 



3 Chen-LeBrun- Weber metric 



After the discovery of the Kahler-Einstein metrics on CP2f|fcCP2 for k = 
3, ... ,8, and the Einstein metric (namely the Page metric) on CP2jjCP2, 
it was speculated that whether CP2jj2CP2 admits an Einstein metric. 
Derdzihski [8] had discovered in early '80s that even though Page met- 
ric is not Kahler, it is actually confomally related to a Kahler metric 
on CP2t)CP2; indeed to one of Calabi's extremal Kahler metrics in (5]|. 
Inspired by this result, LeBrun showed in 1995 that an Einstein hermi- 
tian metric h on CP2t)2CP2 has to be conformally related to an extremal 
Kahler metric [14j, in such a way that h = s~ 2 g, where s is the scalar 
curvature of g, which turns out to be necessarily positive in this setting. 
Conversely, it was proved that for an extremal Kahler metric g, the metric 
h := s~ 2 g is Einstein (defined wherever s 7^ 0) if g is the critical point of 
the Calabi functional regarded as an action on extremal Kahler cone [18J, 
0- 
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Unlike the CP2UCP2 case, not every Kahler class on CP2t)2CP2 is rep- 
resented by an extremal Kahler metric. Nevertheless, using the computa- 
tions of Futaki invariant in ||13|, Chen, LeBrun and Weber showed that 
this action has a critical point, and this critical class is indeed represented 
by an extremal Kahler metric g of positive scalar curvature! Thus, the 
conformally related metric s~ 2 g is an Einstein metric on CP2f|2CP2, de- 
noted by gcLW- More recenty, LeBrun ||T5ll showed that this is the unique 
Einstein hermitian metric on CP2U2CP2, and it can be obtained also as 
an appropriate deformation of the Kahler-Einstein metric in CP2U3CP2 
representing the first Chern class c\ (see IH61D . 

The identity component of the isometry group of gcLW lies in the iden- 
tity component of the group of biholomorphisms of CP2U2CP2 as a max- 
imal compact subgroup. Indeed, there is a natural torus action of 
S 1 x S 1 on CP2II2CP2 obtained by lifting the torus action 



on CPi x CPi to its blowup at ([0 : 1], [0 : 1]). Note that CP 2 tf2CP 2 is 
isomorphic to the blowup of CPi x CPi at one point. This torus action 
has the following moment map profile Ifl5l : 



Here, x and y are Hamiltonians. In particular, the fix point set of the 
vector field of the Hamiltonian x contains the two vertical edges of the 
pentagon, which indeed correspond to two disjoint holomorphic CPi's 
lying in CP2U2CP2. Again, by Lemma [0 they are totally geodesic. There- 
fore, by Frankel's theorem, it follows that gcLW is n °t of positive sectional 
curvature. This completes the proof of Theorem [3] 



(^ / ^)^([ Mi: ^ M2 ] /[Pi:e ^ 2 ] ) 



y 




X 



9 



References 



[1] Andreotti, A. On the complex structures of a class of simply connected 
manifolds, in the Lefschetz symposium volume Algebraic geometry 
and topology Princeton, 1957. 

[2] Aubin, T. Nonlinear analysis on manifolds. Monge-Ampere equations. 
Grundlehren der Mathematischen Wissenschaften [Fundamental 
Principles of Mathematical Sciences], 252. Springer- Verlag, New 
York, 1982. 

[3] Berger, M. Sur les varietes d'Einstein compactes, Comptes Rendus de la 
Hie Reunion du Groupement des Mathematiciens dExpression La- 
tine (Namur, 1965) pp. 35-55. 

[4] Besse, A., Einstein Manifolds, Springer- Verlag, 1987. 

[5] Calabi, E. Extremal Kiihler metrics. Seminar on Differential Geometry, 
pp. 259-290, Ann. of Math. Stud., 102, Princeton Univ. Press, Prince- 
ton, N.J., 1982. 

[6] Calabi E. Extremal Kiihler metrics II, in Differential Geometry and 
Complex Analysis, Springer, Berlin, 1985, pp. 95-114. 

[7] Chen, X.X., LeBrun, C, Weber, B. On Conformally Kiihler, Einstein 
Manifolds, J. Amer. Math. Soc. 21 (2008), no. 4, 1137-1168. 

[8] Derdzihski A. Self-dual Kiihler manifolds and Einstein manifolds of di- 
mension four, Compositio Math., 49 (1983), pp. 405-433. 

[9] Frankel, T. Manifolds with positive curvature. Pacific J. Math. 11 1961 
165-174. 

[10] Gursky, M.J., LeBrun, C. On Einstein manifolds of positive sectional cur- 
vature. Ann. Global Anal. Geom. 17 (1999), no. 4, 315-328. 

[11] Hatcher, A. Algebraic topology. Cambridge University Press, Cam- 
bridge, 2002. 

[12] Hitchin N.J., On Compact Four-Dimensional Einstein Manifolds, J. Diff. 
Geom. 9 (1974) 435-442. 



10 



[13] LeBrun, C, Simanca, S. R. Extremal Kahler metrics and complex defor- 
mation theory. Geom. Funct. Anal. 4 (1994), no. 3, 298-336. 

[14] LeBrun, C. Einstein metrics on complex surfaces. Geometry and physics 
(Aarhus, 1995), 167-176, Lecture Notes in Pure and Appl. Math., 184, 
Dekker, New York, 1997. 

[15] LeBrun, C. On Einstein, Hermitian 4-Manifolds, e-print 
arXiv:1010.0238 [math.DG]. 

[16] LeBrun, C. Einstein Manifolds and Extremal Kahler Metrics, e-print 
arXiv:1009.1270 [math.DG] 

[17] Page, D. A Compact Rotating Gravitational Instanton, Physics Letters, 
Vol. 79B, no.3, (1978), 235-238. 

[18] Simanca, S.R. Strongly extremal Kahler metrics, Ann. Global Anal. 
Geom., 18 (2000), pp. 29-46. 

[19] Siu, Y.-T., Yau, S.-T., Compact Kahler manifolds of positive bisectional 
curvature, Invent. Math. 59 (1980), 189-204. 

[20] Tian, G. On Calabi's conjecture for complex surfaces with positive first 
Chern class. Invent. Math. 101 (1990), no. 1, 101-172. 

[21] Yau, S.-T. Calabi's conjecture and some new results in algebraic geometry. 
Proc. Nat. Acad. Sci. U.S.A. 74 (1977), no. 5, 1798-1799. 

[22] Yau, S.-T. On the Ricci curvature of a compact Kahler manifold and the 
complex Monge-Ampre equation. I. Comm. Pure Appl. Math. 31 (1978), 
no. 3, 339-411. 



11 



Acknowledgement. I would like to thank my advisor Claude LeBrun 
for suggesting the problem and for his help, guidance and encourage- 
ment. Also many thanks to Selin Tashkent, Yongsheng Zhang and Mustafa 
Kalafat for useful discussions and comments. 



Author's address: 

Mathematics Department, SUNY, Stony Brook, NY 11794, USA 

Author's e-mail: 
caner@math . sunysb . edu 



12 



